Abstract. Using unusual objects in the theory of von Neumann algebra, as the chinese game Go or the Conway game of life (generalized on finitely presented groups), we are able to build, by hands, many type III factors.
′ iff there is a partial isometry u ∈ M between pH and qH; thus u * u = p and uu * = q. We can immediately distinguish three mutually exclusive cases: I. H has an irreducible subrepresentation. II. H has no irreducible subrepresentation, but has a subrepresentation not equivalent to any proper subrepresentation of itself. III. H has no irreducible subrepresentation and every subrepresentation is equivalent to some proper subrepresentation of itself. We shall call M a factor of type I , II or III acording to the above cases.
Reminder 2.9. The type I and II corresponds to factors admitting non-trivial trace, with only integer values on the projectors for the type I (M n (C) or B(H)), and non-integer values for the type II (factors generated by ICC groups for example). On the type III, the values are only 0 or ∞. 
gives the one parameter modular group action.
Reminder 2.11. (Radon-Nikodym theorem) Let Ω ′ be another vacuum vector, then there exists a Radon-Nikodym map u t ∈ U(M), define such that
On type I or II the modular action is internal, and so δ trivial. It's non-trivial for type III.
Play Go on a Cayley graph
Definition 3.1. Let (Γ, S) be a marked group, G its Cayley graph, ℓ(.) the word lenght. Let E be the set {−1, 0, 1}. A finite state of G is a map Ψ : Γ → E with Ψ −1 ({−1, 1}) of finite cardinal. In analogy with the game of Go, Ψ(g) = −1 means there is a black stone on the vertex g, Ψ(g) = 1 means a white stone and Ψ(g) = 0 means no stone. Definition 3.2. Let Ψ be a state, a stone on g (ie Ψ(g) = 0) is adjacent to another on h if ℓ(h −1 g) = 1, ie there is an edge between g and h on the Cayley graph G. A stone is connected to another if there is a sequence of adjacent stones between them. Definition 3.3. A cluster c is a connected component of stones with a same color. A liberty of a cluster c is an empty vertex adjacent to c. Let n(c) be the number of liberties. An eye of a cluster c is an empty vertex such that every vertices adjacent to it admit a stone of the cluster c. A cluster is immortal if it admits at least two eyes. Definition 3.4. We define by induction the set S of admissible states. First of all the vacuum state Ω (i.e. Ω = Ψ with Ψ(Γ) = {0}) is admissible. Next if Ψ is an admissible state then B g (Ψ) and W g (Ψ) are also admissible, where the operation B g (resp. W g ) grossly means 'put a black (resp. white) stone on the vertex g', more precisely :
(1) if there is a stone on the vertex (3) else if it's a liberty of a cluster but not the last one and not an eye, then we apply the rule (2). (4) else if the vertex g is an eye of a cluster but not the only one, then we apply the rule (1). (5) else the vertex g is the last liberty of the clusters (c i ) i∈I , then ∀i ∈ I with c i white (resp. black), ∀h ∈ c i ,
, the others vertices are unchanged.
Remark 3.5. The set of states is countable, so is for the set of admissible states S.
Definition 3.6. Let H be the Hilbert space ℓ 2 (S), then the operations B g and W g on S extend into bounded operators on H.
′′ the Go von Neumman algebra of the marked group (Γ, S). From an initial configuration the game progress step by step using the following rules:
• A death cell with exactly 3 alive neighbours becomes alive (birth).
• An alive cell with 2 or 3 alive neighbours remains alive, otherwise dies.
Remark 4.2. In fact we can build many others rules using the 8 neighbours of a cell, changing the number of alive neighbours to remain alive etc... We count 2 16 rules.
We can see this game as a particular case on Z 2 of a game on a Cayley space of any finitely presented group Γ = S | R . We recall here the construction of such a Cayley space using the presentation of the group, we choose the notation n-block instead of n-cell: Definition 4.3. Let Γ n be the set of irreducible n-blocks, defined by induction:
• Γ 0 = Γ.
• Γ 1 := {{g, gs} | g ∈ Γ, s ∈ S} An (n + 2)-block is a finite set a of (n + 1)-blocks such that:
Let a, a ′ be n-blocks then the commutative and associative composition:
gives also an n-block if it's non empty (we take n = 0). Let n > 1, an n-block a ′′ is called irreducible if ∀a, a ′ n-blocks:
• Γ n+2 is the set of irreducible (n + 2)-blocks. Note that if b ∈ Γ n , we call n the dimension of b. Example 4.14.
2 , then {e, s 3 } is a maximal 1-block, {{e, s 1 }, {s 1 , s 1 s 2 }, {s 1 s 2 , s 2 }, {s 2 , e}} is a maximal 2-block. Definition 4.15. We define the action of Γ on Γ n recursively:
• Γ acts on Γ 0 = Γ as:
. Note that the action is well-defined: g.Γ n = Γ n , ∀g ∈ Γ.
Remark 4.16. Note that Γ acts on Γ max with finitely many orbits because the group is finitely presented, so there are finitely many types of maximal irreducible blocks :c 1 , ...,c r .
Definition 4.17. Let G be the Cayley space (or Cayley complex) i.e. the canonical geometric realization of the blocks. Then by construction G is tiled by the tilesc 1 , ...,c r . We can see G as the universal covering of a classifying space of Γ, as R n is the universal covering of T n the classifying space of Z n .
We now come back to the Conway's game of life on the Cayley space G:
Definition 4.18. The cells of the game on G are the irreducible maximal block of typec 1 orc 2 or ... orc r . A cell admits two states: 'alive' or 'death'. A neighbour of a cell c is a cell c ′ = c such that ∃g ∈ Γ with g e c and g e c ′ . A cell admits finitely many neighbours, the number of neighbours depends only of the type. Let n i be the number of neighbours of a cell of typec i . M(Γ, S, R 1 , . .., R m ) be the von Neumann algebra on H generated by the finitely presented marked group (Γ, S) and the rules (R i ). We need to complete the definition because the operators (R i ) are unbounded... Conjecture 4.24. Let Γ be a (non-amenable) finitely presented ICC group, then it exists a finite presentation S | R and rules R 1 , ..., R m , such that M(Γ, S, R 1 , ..., R m ) is a (non-hyperfinite) III 1 factor.
5.
The truncated algebra of a marked group Definition 5.1. A marked group is a group Γ with a generating set S.
Definition 5.2. Let G Γ,S be the Cayley of the marked group (Γ, S) and ℓ(.) the word lenght (see [5] for more details).
′′ is the von Neumann algebra R(Γ) generated by Γ and the right action on H. It's well-known that R(Γ) is a II 1 factor iff Γ is an ICC group (ie ∀g = e, {hgh −1 | h ∈ Γ} is infinite).
Definition 5.4. Let (X s ) s∈S be operators on H = ℓ 2 (Γ) defined by:
′′ the truncated von Neumann algebra of the marked group (Γ, S). 6. Action of free groups on the circle Definition 6.1. Let s, r θ : R/Z → R/Z, defined by s(x) = x 2 (choosing representatives in [0, 1[) and r θ (x) = x + θ. Now, identifying R/Z and S 1 , we define the action α of F 2 = a, b| , generated by α(a) = s and α(b) = r θ in Homeo(S 1 ). = e can be translated into an algebraic equation in x and θ, which θ has to be a root ∀x. Then, if θ is transcendantal, we are sure that there is no relation. Remark 6.3. For a fixed transcendantal θ, each non-trivial relations can be realized for at most finitely many x ∈ R/Z, ie roots of the related algebraic equation. there exist a transformation T of S 1 , such that ∀x ∈ S 1 up to a null set, F 2 .x = T Z .x. Then, it exists n ∈ Z and γ ∈ F 2 , such that a.x = T n .x and T.x = γ.x. So, a.x = γ n .x and x is in the null set of algebraics with θ. 
